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Let X be a Banach space and let Y be a closed subspace of X. Let 1 < p < o0 and
let us denote by L,(u, X) the Banach space of all X-valued Bochner p-integrable
(essentially bounded for p = o0) functions on a certain positive complete o-finite
measure space (£, 2, 1), endowed with the usual p-norm. In this paper we give a
negative answer to the following question: “If Y is proximinal in X, is L,(u, Y)
proximinal in L,(u, X)?” We also show that the answer is affirmative for separable
spaces Y. Some consequences of this are obtained.  © 1998 Academic Press, Inc.

1. INTRODUCTION

Let X be a Banach space and let Y be a closed subspace of X. Let us
recall that we say that Y is proximinal in X if for each x e X there exists
y€ Y such that

|x — y| =dist(x, Y) =inf{ |x —z||: ze Y}.

In this case y is called a best approximation of x in Y. If this best
approximation is unique for all x € X, then Y is said to be Chebyshev.

In this paper (Q, X, u) stands for a complete positive o-finite measure
space, and we assume 1 < p < co. We denote by L, (¢, X) the Banach space
of all Bochner p-integrable (essentially bounded for p = o0) functions on Q2
with values in X, endowed with the usual p-norm. We simply denote L,(u),
when X is the scalar field.

Several papers have been devoted to studying when the space L,(u, Y)
is proximinal in L,(u, X) (see the references), and, in the words of [7],
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“the main problem that these papers address is: If Y is proximinal in X, is
L,(u, Y) proximinal in L,(u, X)?” Only partial answers to this question
have been given. In this paper we solve this problem providing an example
which shows that the answer is negative. It uses a Banach space already
considered by Holmes and Kripke [ 3, Example 4].

Once we know this example, it seems interesting to know for which
Banach spaces the answer is yes. In fact several answers have already been
given in the literature (see the references). In this direction we show that
(Theorem 3.4)

If Y is separable then L,(u, Y) is proximinal in L,(u, X) if
(and only if) Y is proximinal in X

(%)

We obtain some consequences from this. We have to mention that this
result as well as a pointwise version of it (Theorem 3.2) have already been
stated in [12] (Theorems 3.4 and 3.5 of [ 12]); however, the proof given
there has a gap (see Remark 2.5). We follow a completely different
approach, using a technique we learned from Hu and Lin (see [4]).

We would like to point out that (x) generalizes and improves several
previously known results on the subject (see the references).

Our notation is standard, as in [2]. In particular |||, is the usual
p-norm in L (u, X) or in L,(1).

2. PRELIMINARIES

In this section we wish to include some facts which are fundamental in
our study. We begin with three results about distances and best approxima-
tions in L,(u, X) which were proved in [8].

THEOREM 2.1 (Theorem 5 of [8]). Let X be a Banach space and let Y
be a closed subspace of X. Let 1 < p < oo and let f € L,(u, X). Then the func-
tion s+ dist( f(s), Y), which we denote dist(f(-), Y), is measurable, and

dist(f, L,(u, Y)) = [[dist(f(-), Y)I],,-

COROLLARY 2.2 (Corollary 2 of [8]). Let X be a Banach space, Y a
closed subspace of X, and 1 < p < +oo. Let fe L,(u, X) and let ge L, (1, Y).
Then g is a best approximation of fin L,(u, Y) if and only if g(s) is a best
approximation of f(s) in Y for almost all s.
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LemMMA 2.3 (Lemma 1 of [8]). Let X be a Banach space, Y a closed
subspace of X, and 1< p< +oo. Let feL,(u, X) and let g: Q—Y be a
measurable function such that g(s) is a best approximation of f(s) in Y for
almost all s. Then g is a best approximation of f in L,(u, Y) (and therefore
geL,(u Y)).

Although it is not important for our purposes, we wish to point out that
in the statement of the preceding result in [8] one reads “proximinal”
instead of “closed.” A look at the proof shows that it is indeed enough to
state “closed.”

For p = + oo the condition in Corollary 2.2 is sufficient (see the preceding
lemma), but one realises easily that it is necessary only in very trivial
situations (see Remark 3.10). To overcome this difficulty we will prove a
result (Proposition 2.5) which will play a role similar to Corollary 2.2, but
first we need the following easy lemma.

LEmMmA 2.4. Let X be a Banach space, Y a closed subspace of X, AeX
a set with positive measure, and let fe L _(u, X) be such that

1 if sed

dist( f(s), Y):{O if seQ\A.

Then
dist(f, L..(1, Y))=1.
Proof. 1t is clear that
dist(f, L.(u, Y))= 1.

For the converse inequality, given ¢>0 take a measurable countably
valued function f, e L (1, X) such that f,(Q) < f(Q) and

1f= ol <3

The function f;, has the form

with the B,’s disjoint and measurable, and x, €f(Q). For each n take
¥, € Y such that

Ix, — y, || <dist(x,, ) +§< 1 +%_
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It is clear that g defined by

belongs to L (u, Y) and satisfies

If =gl </ =follwo + [ fo—gllo <T+e.

Therefore,

dist(f, L (1, Y)) <1 +e.

PROPOSITION 2.5. Let X be a Banach space and let Y be a closed sub-
space of X. Then L (u, Y) is proximinal in L_(u, X) if and only if for each
feL (u, X) there exists ge L . (u, Y) such that g(s) is a best approximation
of f(s) in Y for almost all s.

Proof. Sufficiency of the condition is an immediate consequence of
Lemma 2.3. Let us show its necessity. Assume that L_ (u, Y) is proximinal
in L_(u, X) and take fe L (1, X). Consider the non-negative measurable
function

h:Q2—10, +0)
s — dist( f(s), Y).

n

n—1<h(s)<n}. Of course, we may forget those 2, which are x-null sets,
so, without loss of generality, we will assume u(£2,) > 0 for all n. Now, for
each n=1, 2, .. we define f,: 2 - X by

Take Q,={seQ:h(s)=0} and for each n=1,2, .., take Q,={seQ:

ﬁf(s) if seQ,

0 if seQ\Q,.

Jls) =

It is clear that f,, belongs to L (u, X) and also that

1 1
dist(f,(s), Y) = dist <h(s) 1(s), Y> =iy B/, 1) =1

for all se Q,,. So, it follows from the preceding lemma that

dist(f,, Lo.(u, Y))=1.
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On the other hand, using the proximinality of L (u, Y), we deduce that
there exists g, € L. (u, Y) such that

an_gnHw :diSt(fna Lw(/") Y)) =

Therefore, we have
I=dist(f,(s), ¥Y) <[ fu(s) — &) < S, — gull . =1

for almost all se 2, and so

”fn n H_l

for almost all s € Q,. This implies that

dist(f(s), Y)=h(s)=h(s) | £,(s) — g.(s)[l = | /(s) = (s) g,(s)]]
for almost all s€2,. Now it is clear that g defined by

(o)

8(s)=ra,(s) f(s)+ X xa,(s)h(s) g.(s)

n
n=1

for all s € Q enjoys the required property.

The next result is very well known (see for instance [ 12, Theorem 3.3 ]
or [1, p. 231]). We would like to point out that it is an immediate conse-
quence of Corollary 2.2 (in the case 1< p< 4+ o) and the preceding
proposition (in the case p = + c0), just taking constant functions.

COROLLARY 2.6. Let X be a Banach space, Y a closed subspace of X,
and 1 < p < +oo. Let us suppose that L,(u, Y) is proximinal in L,(u, X).
Then Y is proximinal in X.

The following corollary is essentially known (see [6, Theorem 1.1; 1,
Theorem 1.1]), but we think that the implication (i)=>(ii) in the case
p=+oo is new. This is why we have included the proof.

COROLLARY 2.7. Let X be a Banach space and let Y be a closed
subspace of X. Let 1 < p<oo. The following are equivalent:

(i) Ly(u, Y) is proximinal in L,(u, X)
(i1) L(u, Y) is proximinal in L,(u, X).

Proof. Assume L,(u, Y) is proximinal in L,(u, X). Take fe L (u, X)
and let us show that there is a best approximation of fin L(u, Y). Let
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{A,,} be a countable partition of  in measurable sets of finite measure.
For each natural number n let 4,,,={s€A4,,: n— 1< f(s)| <n}, and let
JSom=2x4,, f. Of course f,, belongs to L,(u, X) and then it has a best
approximation g, in L,(x, Y). In the case 1< p < + oo this means that
g,.(8) 1s a best approximation of f,,(s) in Y for almost all s (see
Corollary 2.2), and in the case p = + o0, Proposition 2.5 says that we may
assume g,,,(s) has the same property. Define now g=3",,, €,..- It is clear
that g is measurable and g(s) is a best approximation of f(s)=3",,., fom(s)
in Y for almost all s. It follows from Lemma 2.3 that g is indeed a best
approximation of fin L,(u, Y).
Observe that the converse may be proved in an analogous way.

Remark 2.8. Let us explain now where the gap is in [ 12]. The proof of
Theorems 3.4 and 3.5 of [12] (our Theorems 3.2 and 3.4) given by You
and Guo lies in their Lemma 2.1. However, this lemma is a misquotation
of Theorem 1’ of their Ref. [6], and it is false as is stated. The problem is
the following: in Theorem 1’ of Ref. [6] of You and Guo “measurable”
actually means “compactly measurable” (a function is compactly measur-
able if inverse images of compact sets are measurable sets), and therefore
the V,’s in Lemma 2.1 of [ 12] should be compactly measurable functions
instead of measurable functions in the usual sense (functions whose inverse
images of open sets are measurable sets). Notice that if we apply
Lemma 2.1 of [12] to (single valued) functions, it says that every
compactly measurable function is measurable, but this is not true. Let us
give a simple example. Let X be any infinite dimensional Banach space, and
let us consider the following measure space: Q is B, the unit ball of X, X
is the class of all subsets of B, which are Baire first category or has a Baire
first category complement, and yu is the measure which takes the value 1
in B, and 0 in all Baire first category subsets of By. Take f: Q2 — X the
identity function. Of course it is compactly measurable, but it is not
measurable because /(3 By) = 3By is not measurable. Actually, in a not
so easy way we could also consider examples in the Lebesgue space of
measure [0, 1].

Now we will give a lemma which is the basis of the technique developed
by Hu and Lin [4]. We will use it in the proof of Theorem 3.2. We have
included its proof just for the sake of completeness. Of course diam B
denotes the diameter of the set B < X, that is,

diam B=Sup{|x—y|: x, y€ B}.

LEMMA 2.9 (Lemma 3 of [4]). Assume u(Q) < + oo. Suppose (M, d) is
a metric space and A a subset of Q such that u*(A)=u(Q), where u*
denotes the outer measure associated to u. If g is a mapping from Q to
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M with separable range, then for any ¢ >0 there exist a countable partition
{E,} of Q in measurable sets and A, = A~ E, such that u*(A,)=u(E,) and
diam g(4,,) <e for all n.

Proof. Let e>0 and let us assume u(£2) > 0 (otherwise it is trivial). For
a subset D of A, we define D(¢) as the class of all subsets G of D such that
diam g(G) <e, and

M(D)=Sup{u*(G): Ge D(¢)}.

Since g(A) is separable, we have M(D)>0 whenever u*(D)>0. Choose
A, € A(e) such that u*(A,) > 1M(A). There is a measurable cover B, of 4.
By induction, there exist a sequence {4,} of subsets of 4 and a sequence
of pairwise disjoint measurable sets { B,} such that

A, € <A\ U B,-> (¢), A,<B,, and

i<n

1*(A,) =u(B,) > ;M<A\ U >

i<n

for all n. Since u(Q)< + oo, we have lim, u(B,) =0, and so lim, u*(4,)
=0, which implies that lim, M(A\U,., B;) =0. Hence M(A\{J, B,=0),
and so u*(A\(J, B,) =0. But we have

=u <U Bn> +u <Q\Lnj Bn> =u*(A)
M8 eu (an(Y 2. )
{anfya))ex(y.)

Therefore u(Q\U,, B,) =0. Let E, =B, u(2\U, B,) and E, = B,, for n> 1.
Then {E,} is a partition of Q, 4,cANE, W1th diam g(A,,)<s, and
u*(A4,)=u(E,) for all n. This completes the proof.

3. MAIN RESULTS

Let us begin with an example showing that Y proximinal in X does not
imply L,([0, 1], Y) proximinal in L,([0, 1], X). We use a Banach space
X, and its subspace Y, already considered by Holmes and Kripke [3].
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ExampLE 3.1. In [3, Example 4] it is shown that in each 1(3) (the
three dimensional /,) with 1 <p < oo, we can find vectors m,,, x,, and y,
such that

(1) Sup{ I, 1, 1x, 0, 1y, l,: 1<p< oo} < 400, where of course
[-1, denotes here the norm in /,(3).

(ii) If F, is the line in /,(3) spanned by m, and PF is the best
approximation operator (or metric projection operator) supported by F,
(that is, for each xe/,(3), Px ( ) is the unique best approximation of x in

F,), then P ,,( ) =0 and HP (xp—i—yp)Hp 1 for all p.

(iii) ||y, |, decreases to 0 as p increases.
Let us denote by X, the Banach space of all sequences {z,},, such that

z, €1,(3) for all natural numbers p>2 and {|z,|,} is bounded, endowed
with the norm

S PNENE
1z} =Sup{lz, |, : p=2,3, .} <z >

The space X, is strictly convex. Let Y, be the subspace of X, of all sequen-
ces of the form {A,m,} with {4} €l . It is very easy to show that Y, is
a Chebyshev subspace of X, and that P, the best approximation operator
supported by Y, is defined by

PYO({Zp})z {PFp(ZI’)} for all {z,} € X,.

Let us define /: [0, 1] - X, by

f(t) = {x17+ap(l) yp}p223

where {a,(t)} -, is the sequence of digits in the binary expression of 7, that
1s,

az(t):}f{l}([)a as(t):)f[l/z,l)(t)a

a4(t)=}([1/4, l/2)u[3/4,1)(t) - 17( )= /{A( )s o
where A, =[1/2772,2/27-2) U [3/27" 2 4/27"2) U --- U[(27 2= 1)/27 "2,

2772/27=2). Since lim, ||y, ||, =0, f is the uniform limit of the functions f,,
of the form

Il»

fn(t) = {xp}p>2+ {XAZ(Z) yZ’ ){A3( l) y3’ Rt XA”(Z) ym Oa Oa }
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It is clear that f'is measurable and bounded and therefore, it belongs to all
L,([0,1], X,) for 1 < p< oo. Let us suppose that f has a best approxima-
tion g in L,([0, 1], Y,). By Corollary 2.2 and Proposition 2.5 we may
assume that g and (Py, cf) coincide almost everywhere, and therefore
(Py,°f) should be measurable and hence essentially separably valued. Let
us see that this is not the case. Let Z be a null subset of [0, 1]. It is clear
that [0, 1]\Z must contain a non-denumerable set {z,}. Notice that for
o # f there exists p, =2 such that

a]lo([oc) :XApo(toc) # apo(t/f) :;{Am(t/?)

therefore,

I(Py, o f)t2) = (Py, o f)tp)ll

=Py, ({x,} p=2+{as(12) 2, as5(1,) Y3, s @,(15) Yy o}
Py, ({x,} p=at{aalty) ya, as(ty) ¥s,s o a,(tp) y,n o))
= [{Pr(xs+ax(t,) ), Pr(x3+as(ty) ys),

Pr(x,+a,t,) y,), ..
—{ P (X3 +ay(ty) ¥2), Pr(xs+as(ty) y3), -

[

> 1Py (g, (1) Yp0) — P (505 (1) ),

= 1Py (g )l > 1

§
Pr(x,+a,ty) ya), )

and of course this means that (Py, </ )([0, 1]\Z) is not separable. There-
fore (Py, of) is not essentially separably valued and cannot be measurable.

Let us give now our positive results on proximinality in L,(u, X)-spaces.
The first is a pointwise version. The ||-[|,-version will follow from it.

THEOREM 3.2. Let X be a Banach space and let Y be a closed separable
subspace of X. Let us suppose that Y is proximinal in X and let f: Q — X be
a measurable function. Then there is a measurable function g: Q — Y such
that g(s) is a best approximation of f(s) in Y for almost all s.

Proof. Since f is measurable, we may assume it is separably valued,
therefore, using also that u is o-finite, we can find a countable partition
{Q,} of Q in measurable sets in such a way that

u(R,) <+ oo and  diam f(Q,) <4  for alln.
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For each seQ let gy(s)e Y be a best approximation of f(s) in Y. Let
us apply Lemma 2.9 to the mapping g,: Q2 — Y in each Q,, taking e= 13
and Q=A4=20,. We get countable partitions in each 2, and therefore a
countable partition in the whole Q. That is, we get a countable partition
{E,} of Q in measurable sets, and a sequence {4,} of subsets of 2, such
that

A,<E,,  p*4,)=uE,) <+,
diam go(4,) <3, and  diam f(E,) <3.

Let us apply again the same argument in each E,, with e=1/2% Q=E,,
and A=A,. For each n we get a countable partition {E,.} of E, in
measurable sets, and a sequence {4,,} of subsets of 2 such that

Ank CAn r-\E‘nk’ /’L*(Ank):lu(Enk)

1

1
diam gy(4,.) <= and diam f(E, ;) <?

22

for all » and k. Let us proceed by induction. For each natural number k
let 4, be the set of all k-tuples of natural numbers, and let 4 =), 4,. Let
us consider in 4 the partial order defined by

(F1y e L) <(Jyy or j,) ifand only if m<n and i,=j, for k=1, .., m.

Then, by induction, for each natural number k we can take a partition
{E,} «c 4, of Q in measurable sets and a collection {4,} ., of subsets of
Q in such a way that

(1) A,<E, and u*(A4,)=u(E,) for each a
(2) EjcE,and Agc A, ifa<gp
(3) diam f(E,) <1/2% and diam gy(4,) <1/2* if xe 4,.

For each a € 4 take s, € A, (forget the o’s for which 4, = ¢). For each k we
define

gl)=2 xu() gols)-

aedy

Using (1), (2), and (3) it is easy to see that, for all seQ, {g.(s)} is a
Cauchy sequence in Y, and therefore a convergent one. Let g: 2 — Y be the
pointwise limit of {g.}. Of course g is measurable. Let s€Q and k be a
natural number. Suppose s€ E,. We have
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11 (s) = guls) ] = [/(5) — golsa) |
< [(s) = fls )+ 1/(55) — ol

<% +dist(f(s,), Y)

1
<3+ dist(f(s), Y)+ [ f(s) — f(s,) |l

<dist(f(s), ¥)+ %

Therefore

17(s) — g(s)ll =lim [ f(s) — gals)]| = dist(f(s), ¥)

and so g(s) is a best approximation of f(s) in Y. This completes the proof.

Remark 3.3. Example 3.1 shows that in the preceding theorem the
separability assumption cannot be removed.

THEOREM 3.4. Let X be a Banach space, let Y be a closed separable
subspace of X, and let 1< p<oco. Then L,(u, Y) is proximinal in L,(j, X)
if and only if 'Y is proximinal in X.

Proof. Necessity is Corollary 2.6. Let us show sufficiency. Let us
suppose that Y is proximinal in X, and let / be a function in L,(x, X). The
preceding theorem guarantees that there exists a measurable function g
defined on 2 with values in Y such that g(s) is a best approximation of f{(s)
in Y for almost all s. It follows from Lemma 2.3 that g is a best approxima-
tion of f'in L,(u, Y).

COROLLARY 3.5. Let X be a Banach space, let Y be closed subspace of
X, and let 1 < p<oo. Let us suppose that each separable subspace of Y is
proximinal in X. Then L,(u, Y) is proximinal in L,(u, X).

Proof. Let us suppose that each separable subspace of Y is proximinal
in X. Let feL,(u, X). There exists a sequence {g,} < L,(u, Y) such that
dist(f, L,(n, Y)) =lim,, || f— g, ,. We may assume that all g,’s are separ-
ably valued and so we will assume that there is a separable subspace Y, of
Y such that {g,} = L,(u, Y,). By our hypothesis and Theorem 3.4, there
exists a best approximation g of f'in L,(u, Y;). But then g is also a best
approximation of f'in L,(u, Y) because
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dist(f, L,(u, Y))=lim | f—g,|,>dist(f, L,(u, Y,))

>dist(f, L,(1, Y)).
This completes the proof.

Remark 3.6. 1In the preceding corollary the hypothesis “each separable
subspace of Y is proximinal in X” may be substituted by the slightly more
general condition “each separable subspace of Y is contained in a separable
subspace of Y which is proximinal in X.”

COROLLARY 3.7 (Theorem 1.2 of [5], Corollary 1.2 of [1]). Let X be a
Banach space, let 1 < p< oo, and let Y be a reflexive subspace of X. Then
L,(n, Y) is proximinal in L,(u, X).

Proof. We are obviously in the hypothesis of the preceding corollary.

Remark 3.8. Notice that in the preceding corollary the only non-trivial
cases are p =1 and p = oo, because otherwise L,(u, Y) is reflexive.

COROLLARY 3.9. Let X be a Banach space, let Y be a separable subspace
of X, and let 1 < p < oo. Then L,(u, Y) is Chebyshev in L,(u, X) if and only
if Y is Chebyshev in X.

Proof. Existence of a best approximation follows from Theorem 3.4 and
uniqueness from Corollary 2.2.

Remark 3.10. It should be pointed out that L (u, Y) is Chebyshev in
L_ (u, X) only in completely trivial situations. Let us see why. Assume that
there are two disjoint measurable sets, 4,, 4,, with positive measure
(otherwise the measure space (2, X, u) would be trivial), and assume that
Y is a Chebyshev subspace of X such that Y# {0}, Y+# X (we are again
excluding trivial cases). We will show that L _(u, Y) is not Chebyshev in
L (u, X). Take any x € X\ Y with a non-zero best approximation y in Y (it
is immediate that there are infinite vectors x with this property), and take
any ¢ >0 such that

lx— Il

e<
Iyl

It is straightforward to show that if we denote

J=xa40)x+x4) s

then

gi=Xaoa()y and  g=yx, () y+(1+e)x()y
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are two different best approximations of f in L_(u, Y). In other words
L_(u, Y) is not Chebyshev in L _ (u, X).

Final Remark. After reading the first version of this paper, D. H.
Fremlin (personal communication) kindly showed the author that
Theorem 3.2 could be also proved using measurable selection theorems.
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